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A recent paper [P. J. Martı´nez and R. Chaco´n, Phys. Rev. E 87, 062114 (2013)] presents numerical simulations
on a system exhibiting directed ratchet transport of a driven overdamped Brownian particle subjected to a
spatially periodic, symmetric potential. The authors claim that their simulations prove the existence of a universal
waveform of the external force that optimally enhances directed transport, hence confirmin the validity of a
previous conjecture put forth by one of them in the limit of vanishing noise intensity. With minor corrections due
to noise, the conjecture holds even in the presence of noise, according to the authors. On the basis of their results
the authors claim that all previous theories, which predict a different optimal force waveform, are incorrect. In
this Comment we provide sufficien numerical evidence showing that there is no such universal force waveform
and that the evidence obtained by the authors otherwise is due to their particular choice of parameters. Our
simulations also suggest that previous theories correctly predict the shape of the optimal waveform within their
validity regime, namely, when the forcing is weak. On the contrary, the aforementioned conjecture does not hold.
DOI: 10.1103/PhysRevE.88.066101 PACS number(s): 05.60.Cd, 05.40.−a, 05.70.Ln, 07.10.Cm
The authors of Ref. [1] (see also the erratum [2]) simulate
the equation
x˙ + sin x = √σξ (t)+ γFbihar(t),
(1)
Fbihar(t) = η sin(ωt)+ 2(1− η) sin(2ωt + φ),
where γ is the global amplitude of the force; 0  η  1 and φ
account for the relative amplitude and initial phase difference
of the two harmonics, respectively; ξ (t) is a Gaussian white
noise with zero mean and 〈ξ (t)ξ (t + s)〉 = δ(s); and σ is
proportional to the temperature of the system. This system
exhibits ratchet transport if the external force breaks both a
time-shift symmetry, namely, if Fbihar(t) = −Fbihar(t + T/2)
(T being the period of Fbihar), and a time-reversal symmetry,
i.e., Fbihar(t) = −Fbihar(−t). This happens for all 0 < η < 1
and all φ = 0,π . If initially the particle starts at x(t0) = x0,
the ratchet current can be obtained as
v = lim
t→∞
〈x(t)〉 − x0
t − t0 , (2)
where 〈·〉 represents an ensemble average over all trajectories
satisfying the same initial condition.
Obviously the ratchet current v will be a function of the
parameters of the system, in particular of those that defin
the external force. Since for η = 0,1 or φ = 0,π the force
breaks neither the time-shift symmetry nor the time-reversal
symmetry (hence v = 0), it is easily foreseen that for a certain
combination of the parameters of the force v must be maximal
(in absolute value).
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Based on a conjecture proposed by one of the authors [3],
v should be optimal when the force maximally breaks the
symmetries. For σ = 0 this happens for η = 4/5 irrespective
of the values of γ and φ (as long as φ = 0,π) [1]. An argument
based on an affin transformation of the force leads the authors
to conclude that this optimal shape of the force will hold even
for σ > 0, albeit some deviations are to be expected.
This result is universal in the sense that is independent of
γ and φ. Figure 1(a) of [2] confirm that this is an accurate
prediction even for the high intensities of the noise they use in
their simulations (σ = 2,3,4). The other parameters are set to
ω = 0.08π , φ = π/2, and γ = 2 throughout their paper.
They go on to claim that since all previous theories [4–9]
predict a form of the ratchet current given by [2]
v ∝ γ 3η2(1− η), (3)
they all predict that v is optimal for η = 2/3, a value certainly
far away from the simulation results. Accordingly, the two
main conclusions of this work are that (i) the conjecture
of a universal force waveform that optimizes the current is
confirme even in the presence of strong noise, albeit with
some deviations, and (ii) all previous theoriesmust be incorrect
because they incorrectly predict this form.
We have carried out extensive simulations of the same
system (1) and with the same parameter as the authors of [1,2],
but instead of limiting ourselves to the single value of the global
amplitude γ = 2 used in their simulations we have covered a
wider range of values, from γ = 6 down to γ = 0.8. Below
this value simulations are prohibitively long because the high
values of the noise intensity demand a very large number of
realizations to achieve reliable results. The outcome of these
simulations is summarized in Fig. 1, which represents the value
of η (henceforth ηopt) that optimizes v as a function of the
global amplitude of the external force γ .
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